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Abstract
A system of two coupled oscillators, each of them coupled to an independent
reservoir, is analysed. The analytical solution of the non-rotating wave mas-
ter equation is obtained in the high-temperature and weak coupling limits.
No thermal entanglement is found in the high-temperature limit. In the weak
coupling limit the system converges to an entangled non-equilibrium steady
state. A critical temperature for the appearance of quantum correlations is
found.
1. Introduction
Dissipation, as induced by the coupling of one or several reservoirs to a
quantum system, is generally understood to play a crucial role in the evolu-
tion of the state of the system [1]. Its effect on the evolution of the entan-
glement within the system has been widely studied for a variety of systems.
For instance, the effects of baths at different temperatures at the end of a
spin chain were studied in Refs. [2, 3]. For this situation it was found that
the system converges to the non-equilibrium steady state. The dynamics of
entanglement was also studied in the context of two non-identical oscillators
coupled to an environment [4] and the effect of a diversity in frequencies of
the oscillators was investigated. The quantum discord, a measure of quan-
tum correlations, was studied within a system of two oscillators coupled to
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the same heat bath [5]. Furthermore, the destruction of the entanglement
through the interaction with a reservoir was coined entanglement sudden
death by Eberly et al. [6, 7, 8, 9]. However, it is also well-known that the
presence of an environment may restore or even create entanglement. In this
way, Ficek and Tana´s have shown that initially separable qubits may become
entangled after a certain time, through spontaneous emission [10]. Krauter et
al. [11] have examined a pair of two-level systems interacting with a common
y-polarised laser field. The atoms are then placed in a x-polarised magnetic
field. The coupling creates an entangling mechanism which allowed them
to generate entanglement and to maintain it in the steady state. Further
examples of entanglement revivals have been reported [12, 13].
It is typical to have one small quantum system interacting with a dis-
sipative environment. The dissipative effects are understood to bring the
quantum system to equilibrium. Here, a system of two particles, initially
entangled and with a Gaussian wavefunction is studied. Each particle is
coupled to its own thermal reservoir and each reservoir is assumed to be
at its own temperature. Many such situations are studied through the sta-
tionary behaviour of the entanglement [14, 15]. It was shown that if the
particles are interacting strictly harmonically, there is no steady state within
the considered assumptions [16]. It was found that to have entanglement at
high temperature the interaction must be strong. The emergence of thermal
entanglement is associated with the approach of the system to equilibrium.
This phenomenon has been termed thermalisation [2, 3] and has been studied
with a variety of witnesses. For instance, the energy was used to examine the
thermalisation of the system [17]. The concept of thermal entanglement was
first pointed out by Braun [18], who shows that entanglement may be created
between two qubits, which are interacting with a common environment, but
not with each other.
However, not every physical system is entangled in the steady state. In
this case one can use the entropy as the witness of thermalisation. The von
Neumann entropy is chosen here, since it has a simple formulation in terms
of the covariance matrix. Indeed, we keep to continuous variables and more
particularly, to Gaussian states, which allow for an elegant mathematical
treatment [19, 20, 21] and for the explicit computation of the entanglement
through the logarithmic negativity [22].
The article is structured as follows. In Section 2, a pre-Lindblad master
equation is presented for two different limiting cases. The first case is the
quantum Brownian motion limit ([23, 24]) for a system of two oscillators
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with a linear interaction. The second case is the weak coupling limit [25].
An analytical solution in both cases is presented. A fully general master
equation was derived recently [26]. However, the master equation used here is
appropriate for our purpose. In Section 3, the evolution of the entanglement
between the oscillators is studied and properties of thermal entanglement
are investigated. An approach to equilibrium is studied in Section 4. We
conclude in Section 5. Explicit mathematical expressions of the solution are
presented in Appendix A. The steady state solution is presented in Appendix
B.
2. Time evolution of two interacting harmonic oscillators
The dynamics of the entanglement in a bipartite system coupled to an
environment is greatly influenced by allowing an harmonic interaction be-
tween the system’s particles [24, 12, 10]. We study a system of two particles
of equal mass, each one coupled to its own heat bath; they have coordinates
x1 and x2, momenta p1 and p2; ω0 denotes the frequency of their oscillations.
We examine the case where the particles are interacting linearly. The overall
Hamiltonian reads
H =
p21
2m
+
p22
2m
+
mω20
2
(x21 + x
2
2) + κx1x2
+
∑
j
{
p2j
2mj
+
mjω
2
j
2
(qj − x1)2
}
+
∑
k
{
p2k
2mk
+
mkω
2
k
2
(qk − x2)2
}
,
(1)
where qj,k and pj,k are the positions and momenta of the oscillators in the
bath. For our study, we take all masses to be equal. The frequencies of
the bath oscillators are denoted by ωi. The initial state is chosen to be the
Gaussian state [27, 28]
Ψ(x1, x2) =
√
1
2pisd
e−
(x1−x2)2
4s2 e−
(x1+x2)
2
16d2 , (2)
where s and d denote the distance between the particles and the width of the
center-of-mass system, respectively. We assume a position coupling between
the reservoirs and the particles; the Non-Rotating-Wave master equation in
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the quantum Brownian motion limit is written as
ρ˙ = − ı
~
[Hs, ρ]− ıγ1
2m~
[
x1, [p1, ρ]+
]− γ1kT1
~2
[x1, [x1, ρ]]
− ıγ2
2m~
[
x2, [p2, ρ]+
]− γ2kT2
~2
[x2, [x2, ρ]] . (3)
This master equation describes the dynamics of the quantum harmonic os-
cillator in the high temperature regime (T/ω  1), without additional con-
straints on the strength of the system-environment interaction. For the de-
scription of the dynamics of the system at low temperatures we can use the
weak coupling limit (γ  ω,m, k) and in this case the Non-Rotating-Wave
master equation in weak coupling limit reads [25],
ρ˙ = − ı
~
[Hs, ρ]− ıγ1
2m~
[
x1, [p1, ρ]+
]− γ1ω
2~
coth
~ω
2kT1
[x1, [x1, ρ]]
− ıγ2
2m~
[
x2, [p2, ρ]+
]− γ2ω
2~
coth
~ω
2kT2
[x2, [x2, ρ]] . (4)
It is clear that the master equation (4) in the high temperature case will take
the form of Eq. (3), for T/ω  1 a hyperbolic cotangent can be approxi-
mated, by coth ~ω
2kT
≈ 2kT~ω . From the mathematical point of view both master
equations have the same form. In this article we demonstrate explicitly the
analytical solution for the quantum Brownian particle Eq. (3). The explicit
solution in the weak coupling limit Eq. (4) can be obtained by the formal
substitution in the solution for the quantum Brownian motion limit Eq. (3)
of kTi → ω2 coth ~ω2kTi .
In order to solve the master equation (3) we write the density matrix in
position representation, ρ(x1, x2; y1, y2), and get
∂ρ
∂t
=
ı~
2m
(
∂2
∂x21
− ∂
2
∂y21
+
∂2
∂x22
− ∂
2
∂y22
)
ρ
− ımω
2
0
2~
(
x21 + x
2
2 − y21 − y22
)
ρ− ıκ
~
(x1x2 − y1y2)
− γ1
2m
(x1 − y1)
(
∂
∂x1
− ∂
∂y1
)
ρ− γ1kT1
~2
(x1 − y1)2ρ
− γ2
2m
(x2 − y2)
(
∂
∂x2
− ∂
∂y2
)
ρ− γ2kT2
~2
(x2 − y2)2ρ . (5)
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The derivation of the solution is highlighted in Appendix A, following Refs.
[29, 23, 24]. It begins by the change of variables x = u+ ~z, y = u− ~z and
ρ(x,y, t)→ P (u, z, t) is performed. Then a Fourier transform is applied
P˜ (q, z, t) =
∫
du1 du2 P (u, z, t)e
−ıq1u1−ıq2u2 .
For the missing steps, the reader is referred to Appendix A. The final solution
yields
P˜ (q, z, t) = exp
(−A1q21 −A2q22 − B1z21 − B2z22 − Eq1q2 −Dz1z2)
× exp (−C11z1q1 − C22z2q2 − C12z1q2 − C21z2q1) . (6)
The complete expressions for the coefficients may be found in Appendix A.
To study the entanglement, we use the logarithmic negativity, whilst to show
the approach to equilibrium, we choose to look at the entropy because both
of these measures may be expressed in terms of the covariance matrix Γ. We
note here that since we study Gaussian states, we may determine the co-
variance matrix in terms of second moments only, Γjk = 2ReTr
[
ρRˆjRˆk
]
.The
Rˆ’s are elements of the vector [xˆ1, pˆ1, xˆ2, pˆ2]. The covariance matrix Γ can
be written as:
Γ =

4A1 −C11 2E −C21
−C11 B1 −C12 D/2
2E −C12 4A2 −C22
−C21 D/2 −C22 B2
 . (7)
The logarithmic negativity is obtained in terms of the symplectic eigenvalues
of the partially transposed covariance matrix ΓT1 . This accounts here to
sending pˆ1 to −pˆ1 [22]. The symplectic eigenvalues of ΓT1 are defined as
the positive square root of the eigenvalues of the matrix −σΓT1σΓT1 , where
σ =
⊕N
j=1
(
0 1
−1 0
)
. We note here that two eigenvalues are degenerate,
such that the logarithmic negativity then is
LN (ρ) = −2
(
log2
(
min(1, |λT1,2|)
)
+ log2
(
min(1, |λT3,4|)
))
.
We study some examples of its behaviour in Section 3.
For Gaussian states, the entropy is not affected by symplectic transfor-
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Figure 1: Logarithmic negativity versus time for different temperatures of
the bath. The parameters of the model are chosen to be m = 2, ω = 1,
κ = −1, γ1 = γ2 = 0.01, s = 1 and d = 6; (a) shows LN(ρ)(t) for T1 = 1
and T2 = 1/4; (b) shows LN(ρ)(t) + 10 for T1 = 1 and T2 = 1; (c) shows
LN(ρ)(t) + 20 for T1 = 1 and T2 = 4; (d) shows LN(ρ)(t) + 30 for T1 = 4 and
T2 = 4.
mation. If the symplectic eigenvalues are λk = 2Nk + 1, where Nk is the
number expectation value of the thermal state ρk corresponding to the k-th
normal mode of ρ, then the entropy is:
S(ρ) =
n∑
k=1
(Nk + 1) ln(Nk + 1)−Nk lnNk . (8)
We note that the entropy is obtained in terms of the symplectic eigenvalues
of Γ without partial transposition. We examine the entropy in Section 4.
3. Dynamical and steady state properties of entanglement
In this Section we analyse the dynamical and steady state properties of
entanglement between oscillators. For convenience we choose a system of
units were ~ = kB = 1. The dynamics of the entanglement between oscil-
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lators for different temperatures of the bath is analysed in Fig. 1. One can
clearly see in Figs. 1c and 1d that for higher temperatures of the baths the
entanglement vanishes. In the low temperature case depicted in Figs. 1a and
1b entanglement persists for longer times. All curves in Fig. 1 show that
there is an interplay between dissipative effects and entanglement created
by the harmonic interaction between oscillators. The fact that entanglement
disappears at higher temperatures is intuitively understandable. For the free,
undriven system at higher temperatures of the bath, average thermal fluctu-
ations are higher than any other characteristic of the system. For the lower
temperature thermal fluctuations are comparable with the energy of inter-
action between oscillators. In this case oscillators will remain entangled in
the non-equilibrium steady state. The absence of thermal entanglement in
the high temperature case can also be easily understood from the analysis of
the steady state. One can find analytically that for the thermal equilibrium
case γ1 = γ2 and T1 = T2 = T the symplectic eigenvalues of the steady state
are λT1,3 =
2(T/ω)√
1±α , where α is a dimensionless parameter characterising the
strength of interaction between oscillators, i.e., α = κ
mω2
. Non-zero entan-
glement corresponds to the case where one of the symplectic eigenvalues is
smaller than 1, |λT1,3| < 1. However, taking into account physical bound-
aries on α (|α| < 1) and the high-temperature limit (T/ω  1) it is clear
that in the high-temperature case symplectic eigenvalues are always large
(|λT1,3|  1) and for the long time limit the system is separable.
This may seem to contradict results from Ref. [30], where the entangle-
ment of a thermal state in harmonic oscillator lattices was analysed: a crit-
ical temperature was derived, which in the high temperature limit becomes
Tc =
~κ
2kB
. Using the parameters from Fig. 1 yields Tc = 0.5. It is clear that
this value of the critical temperature is much smaller than temperatures ap-
plicable for the high temperature limit considered in the present article (the
condition T/ω  1 is not satisfied). Analysing the steady state obtained
here, we notice that even in the thermal equilibrium case (T1 = T2 = T ) the
steady state density matrix does not take the form of the canonical ensemble.
However, this situation is not surprising and similar situations are studied
for spin chains coupled at the ends to heat reservoirs [31]. If one would like
to obtain a canonical distribution in the steady state, there are two ways.
The first option is to consider a system bath coupling to a common bath
as in Ref. [32]. The second option is to consider a position coupling which
is transformed to a normal mode coupling using the rotating wave approx-
imation. In this case the density matrix in thermal equilibrium will take a
7
Figure 2: Logarithmic negativity versus time for different initial conditions
of bi-partite system. The parameters of the model are chosen to be m = 2,
ω = 1, κ = −1, γ1 = γ2 = 0.05, T1 = 1/3 and T2 = 1/4; (a) shows LN(ρ)(t)
for s = 6 and d = 3 (separable state); (b) shows LN(ρ)(t) + 10 for s = 6 and
d = 1; (c) shows LN(ρ)(t) + 20 for s = 1 and d = 6.
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Figure 3: Steady state logarithmic negativity as function of the temperatures
of the baths. The parameters of the model are chosen to be m = 2, ω = 1,
κ = −1, γ1 = γ2 = 0.0001,
canonical form. A similar behaviour was observed in a spin system [2].
Fig. 2 shows the long time dependance of the logarithmic negativity
for different initial conditions of the oscillators. In this case we consider a
relatively low temperature case so that thermal fluctuations do not cancel the
quantum correlations between the oscillators. For times smaller than 10/γ
we can see competition between quantum correlations created by the unitary
interaction between oscillators and dissipative effects. For times between
10/γ and 15/γ thermal entanglement slowly grows. For all initial conditions
at larger times the system reaches a unique non-equilibrium entangled steady
state.
In Fig. 3 we analyse the non-equilibrium steady state entanglement.
It is easy to see that the lower the temperature of the baths, the higher
the thermal entanglement. This behaviour is different from a spin system
in a similar configuration [2]. For a spin system in a similar configuration
entanglement reaches a maximum for a bath at non-zero temperature. Fig. 3.
9
also shows that there is a well-defined border in the temperature plane above
which the system is separable. Using the explicit expression for a steady state
in the weak coupling limit (Appendix B) and assuming for simplicity that
the friction coefficients for both baths are the same, γ1 = γ2 = γ we obtain
explicit expressions for the symplectic eigenvalues of the steady state. The
explicit expression for λT1,3 are quite large and in order to analyse thermal
entanglement we expand the symplectic eigenvalues using a parameter γ, i.e.,
λT1,3(γ) ≈ λT1,3(0)+γ dλ
T
1,3(γ)
dγ
∣∣∣
γ=0
+O(γ2). However, for the situation considered
here the term linear in γ is 0, so λT1,3(γ) ≈ λT1,3(0) + O(γ2). Using the
weak coupling limit approximation the explicit expression for the symplectic
eigenvalues takes the form,
λT1,3 ≈
coth ( ω
2T1
) + coth ( ω
2T2
)
2
√
1± α . (9)
If one considers the thermal equilibrium case and applies the high-temperature
limit, one immediately recovers the symplectic eigenvalues obtained earlier
for the high-temperature case. One can simplify the explicit expression for
the logarithmic negativity using the fact that for all positive x the function
coth(x) will be greater or equal to 1 (∀x > 0, coth(x) ≥ 1). This implies that
out of two distinctive eigenvalues λT1,3 at least one should be always bigger
than 1 and does not contribute to the value of the logarithmic negativity.
The symplectic eigenvalues which can be smaller than 1 can be written as,
λT =
coth ( ω
2T1
) + coth ( ω
2T2
)
2
√
1 + |α| , (10)
and the explicit expression for the logarithmic negativity takes the following
form,
LN (ρ) = −2 log2
(
min(1,
coth ( ω
2T1
) + coth ( ω
2T2
)
2
√
1 + |α| )
)
. (11)
The dependence of the steady state logarithmic negativity on the dimen-
sionless strength of the interaction between the oscillators α = κ/mω2 is
presented in Fig. 4. In the case of low temperatures of the baths (Fig. 4c)
a very weak interaction between oscillators is enough to create steady state
entanglement. While for higher temperatures of the baths (Fig. 4a and 4b)
the strength of the oscillator interaction should be higher to create a non-
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separable steady state. In all cases we can see that the maximum of the
thermal entanglement is achieved for stronger interaction α between the os-
cillators and lower temperatures of the baths. It follows from Eq. (11) that
the critical temperatures of the baths satisfy
coth (
ω
2T c1
) + coth (
ω
2T c2
) = 2
√
1 + |α|. (12)
For the thermal equilibrium case (T1 = T2 = T ) the critical temperature can
be easy calculated,
T c =
ω
2 coth−1
√
1 + |α| . (13)
In Fig. 5 the steady-state logarithmic negativity for the thermal equilibrium
case as a function of the temperature of the bath and oscillator coupling
strength α is presented. It is interesting to mention that for the range of
low temperatures T < 0.15 the thermal fluctuations are so small that for all
values of α there is thermal entanglement. For this low temperature case one
can estimate the logarithmic negativity. Using Eq. (11) one gets, LN (ρ) ≈
log2 (1 + |α|). From Fig. 5 one sees that there is a critical temperature
T c = 1/2 coth−1(
√
2) ≈ 0.57.
4. Entropy dynamics
In order to demonstrate the equilibration in the system for the high-
temperature case we analyse the dynamics of the entropy.
In Fig. 6 we show the influence of varying s, the distance between the
particles, keeping the position of the centre of mass d constant. It is obvious
that all curves converge to the same asymptotic value. This indicates that the
system reaches the same steady state for all initial conditions. Although not
plotted, one observes the same results when keeping the distance s constant
and varying d. As the distance s increases, one also notices a bump in the
entropy. One may, however, note that the time at which the system reaches
its non-equilibrium steady state depends on the initial conditions.
Fig. 7 allows us to examine the approach to the non-equilibrium steady
state when one varies the frequency of the oscillators and the strength of
the interaction between them. One may observe that when ω0 and κ are
either quite small (full curve, over-damped) or quite large (dash-dotted curve,
very under-damped), the system reaches its non-equilibrium steady state
11
Figure 4: Steady state logarithmic negativity as function of dimensionless
parameter α. The parameter of the model is chosen to be ω = 1; (a) shows
LN(ρ) for T1 = 1/2 and T2 = 1/4; (b) shows LN(ρ) for T1 = 1/3 and
T2 = 1/4; (c) shows LN(ρ) for T1 = 1/10 and T2 = 1/8.
quite smoothly. The oscillations visible on the dashed curve suggest that the
system may be more sensitive to such strengths for ω0 and κ.
Fig. 8 illustrates how varying the bath’s parameters affects the approach
to the non-equilibrium steady state. In Figure 8, one may easily notice
that as one would expect, when the temperature of one bath is increased,
the system approaches its non-equilibrium steady state at a higher value of
entropy. However, they do so at around the same time. The effect of changing
of the friction coefficient γi will result only in rescaling equilibration time in
the system. The smaller the coupling with the bath, the longer it takes for
the system to reach its non-equilibrium steady state. Indeed, increasing the
coupling or the temperature increases the disturbance that the system suffers
from the reservoirs and thus accelerates its loss of energy.
5. Concluding remarks
A system composed of two entangled particles, each coupled to an inde-
pendent reservoir, was studied. This set-up enabled us to study the effects
of the dissipation induced by the coupling to the reservoirs. It was observed
that increasing temperatures dampens the entanglement within the system.
12
Figure 5: Steady state logarithmic negativity as function of the equilibrium
temperature of the bath and parameter α. The parameter of the model is
chosen to be ω = 1.
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Figure 6: Entropy versus time. The bath parameters are chosen to be
T2 = 4, T1 = 2, m = 1, γ1 = 0.009, γ2 = 0.01, ω0 = 1.3, κ = −1.6. The
system parameters are chosen to be d = 6, s = 10 (full), s = 6 (dashed),
s = 1 (dash-dotted).
Figure 7: Entropy versus time. The system parameters are chosen to be
d = 6, s = 1. The bath parameters are chosen to be T2 = 4, T1 = 2,
m = 1, γ1 = 0.009, γ2 = 0.01, ω0 = 2, κ = −3.9 (full), ω0 = 0.5, κ = −0.2
(dash-dotted), ω0 = 1.3, κ = −1.6 (dashed).
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Figure 8: Entropy versus time. The system parameters are chosen to be
d = 6, s = 1. The bath parameters are chosen to be T2 = 4, m = 1,
γ1 = 0.009, γ2 = 0.01, ω0 = 1.3, κ = −1.6, T1 = 2 (full), T1 = 4 (dashed),
T1 = 6 (dash-dotted).
Similarly, it was found that a stronger coupling to the reservoir tends to de-
stroy the entanglement. The system was studied in two limit cases, quantum
Brownian motion limit (T/ω  1) and weak coupling limit (γ  ω,m, κ).
It was found that there is no thermal entanglement in the high temperature
case. In the weak coupling limit the properties of thermal entanglement and
approach to non-equilibrium steady-state were studied. Boundaries for ther-
mal entanglement and critical temperatures are found. The dependence of
the thermal entanglement on the coupling strength between the oscillators
and temperatures of the baths was studied. In the high temperature case we
used entropy as the witness of equilibration of the system. The approach to
the non-equilibrium steady state was clearly noticed. It was also observed
that the system reaches its non-equilibrium steady state all the more quickly,
the higher the temperatures of the bath and the coupling of the system to
them, as result of the dissipation induced by the two reservoirs.
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Appendix A. Analytical solution of the master equation
The main steps to solving the master equation will be described here. In
(5), the change of variables x = u + ~z and y = u − ~z is performed. Then
the Fourier transform is applied
P˜ (q, z, t) =
∫
du1 du2 P (u, z, t)e
−ıq1u1−ıq2u2 .
This yields
∂P˜
∂t
(q, z, t)
=
{
− 1
2m
(
q1
∂
∂z1
+ q2
∂
∂z2
)
− γ1
m
z1
∂
∂z1
− γ2
m
z2
∂
∂z2
+ 2(mω20z1 + κz2)
∂
∂q1
+ 2(mω20z2 + κz1)
∂
∂q2
− 4γ1kT1 z21 − 4γ2kT2 z22
}
P˜ (q, z, t), (A.1)
which can be solved using the method of characteristics. The characteristic
equation yields
∂v
∂t
=
M
2m
v,
with vT = (z1, z2, q1, q2) and
M =

2γ1 0 1 0
0 2γ2 0 1
−4m2ω20 −4mκ 0 0
−4mκ −4m2ω20 0 0
 ,
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so that on a characteristic,
dP˜
dt
= −4k(γ1T1z21 + γ2T2z22)P˜ .
The eigenvalues and eigenvectors of M can be computed to be
λT = (λ1, λ2, λ3, λ4) (A.2)
and
Q =

a1 a2 a3 a4
b1 b2 b3 b4
c1 c2 c3 c4
f1 f2 f3 f4
 and Q−1 =

a˜1 a˜2 a˜3 a˜4
b˜1 b˜2 b˜3 b˜4
c˜1 c˜2 c˜3 c˜4
f˜1 f˜2 f˜3 f˜4

with
ai =
ci
λi − 2γ1 ,
bi =
fi
λi − 2γ2 , (A.3)
ci =− λi − 2γ1
λi − 2γ2
λi(λi − 2γ2) + 4m2ω20 + 4mκ
λi(λi − 2γ1) + 4m2ω20 + 4mκ
,
fi =fi.
We choose fi = 1 for simplicity. Using that Q
−1MQ = D where D is the
diagonal matrix, the characteristic equation is solved, then the master equa-
tion.
Using these results, one can rewrite the differential equation as
2m
∂v
∂t
= QDQ−1v .
This is easily solved and yields
v(t) = QeDt/2mQ−1v0.
17
We get v(t) 
ζz1z10 + ζ
z
2z20 + ζ
q
1q10 + ζ
q
2q20
ξz1z10 + ξ
z
2z20 + ξ
q
1q10 + ξ
q
2q20
τ z1 z10 + τ
z
2 z20 + τ
q
1 q10 + τ
q
2 q20
ϑz1z10 + ϑ
z
2z20 + ϑ
q
1q10 + ϑ
q
2q20

with
ζz1,2 = a1 ˜a1,2e
λ1t/2m + a2 ˜b1,2e
λ2t/2m + a3 ˜c1,2e
λ3t/2m
+ a4 ˜f1,2e
λ4t/2m,
ζq1,2 = a1 ˜a3,4e
λ1t/2m + a2 ˜b3,4e
λ2t/2m + a3 ˜c3,4e
λ3t/2m
+ a4 ˜f3,4e
λ4t/2m,
ξz1,2 = b1 ˜a1,2e
λ1t/2m + b2 ˜b1,2e
λ2t/2m + b3 ˜c1,2e
λ3t/2m
+ b4 ˜f1,2e
λ4t/2m,
ξq1,2 = b1 ˜a3,4e
λ1t/2m + b2 ˜b3,4e
λ2t/2m + b3 ˜c3,4e
λ3t/2m
+ b4 ˜f3,4e
λ4t/2m,
τ z1,2 = c1 ˜a1,2e
λ1t/2m + c2 ˜b1,2e
λ2t/2m + c3 ˜c1,2e
λ3t/2m
+ c4 ˜f1,2e
λ4t/2m,
τ q1,2 = c1 ˜a3,4e
λ1t/2m + c2 ˜b3,4e
λ2t/2m + c3 ˜c3,4e
λ3t/2m
+ c4 ˜f3,4e
λ4t/2m,
ϑz1,2 = f1 ˜a1,2e
λ1t/2m + f2 ˜b1,2e
λ2t/2m + f3 ˜c1,2e
λ3t/2m
+ f4 ˜f1,2e
λ4t/2m,
ϑq1,2 = f1 ˜a3,4e
λ1t/2m + f2 ˜b3,4e
λ2t/2m + f3 ˜c3,4e
λ3t/2m
+ f4 ˜f3,4e
λ4t/2m.
A short note on the notation must now be done. In order to avoid multiplying
the cumbersome equations, those which are similar have been condensed and
indices (or superscripts as will be found in the following expressions) are
used. An example is given by way of explanation. In
ζz1,2 = a1 ˜a1,2e
λ1t/2m + a2 ˜b1,2e
λ2t/2m + a3 ˜c1,2e
λ3t/2m
+ a4 ˜f1,2e
λ4t/2m ,
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the index 1 in ζz1,2 means that to obtain its expression, one must consider the
index 1 in the terms on the right-hand-side as such
a1a˜1e
λ1t/2m + a2b˜1e
λ2t/2m + a3c˜1e
λ3t/2m
+ a4f˜1e
λ4t/2m ;
on the other hand, should we need ζz2 , the index 2 must be considered.
We can then insert z21(t) and z
2
2(t) into (A.2). After integration, one can
write (dropping the t-dependence to keep it readable)
P˜ (q, z, t) =P˜0 exp
(−4k (χz1z120 + χz2z220 + χq1q120 + χq2q220 + θzz10z20 + θqq10q20))
× exp (−4k (Λ11z10q10 + Λ12z10q20 + Λ21z20q10 + Λ22z20q20))
(A.4)
with
χz1, χ
z
2, χ
q
1, χ
q
2 =
ma˜21,2,3,4
λ1
(eλ1t/m − 1)(γ1T1a21 + γ2T2b21)
+
m b˜21,2,3,4
λ2
(eλ2t/m − 1)(γ1T1a22 + γ2T2b22)
+
m c˜21,2,3,4
λ3
(eλ3t/m − 1)(γ1T1a23 + γ2T2b23)
+
m f˜ 21,2,3,4
λ4
(eλ4t/m − 1)(γ1T1a24 + γ2T2b24)
+
4ma˜1,2,3,4b˜1,2,3,4
λ1 + λ2
(e(λ1+λ2)t/2m − 1)(γ1T1a1a2 + γ2T2b1b2)
+
4ma˜1,2,3,4c˜1,2,3,4
λ1 + λ3
(e(λ1+λ3)t/2m − 1)(γ1T1a1a3 + γ2T2b1b3)
+
4ma˜1,2,3,4f˜1,2,3,4
λ1 + λ4
(e(λ1+λ4)t/2m − 1)(γ1T1a1a4 + γ2T2b1b4)
+
4m b˜1,2,3,4c˜1,2,3,4
λ2 + λ3
(e(λ2+λ3)t/2m − 1)(γ1T1a2a3 + γ2T2b2b3)
+
4m b˜1,2,3,4f˜1,2,3,4
λ2 + λ4
(e(λ2+λ4)t/2m − 1)(γ1T1a2a4 + γ2T2b2b4)
+
4m c˜1,2,3,4f˜1,2,3,4
λ3 + λ4
(e(λ3+λ4)t/2m − 1)(γ1T1a3a4 + γ2T2b3b4),
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θz, θq =
2ma˜1,3a˜2,4
λ1
(eλ1t/m − 1)(γ1T1a21 + γ2T2b21)
+
2m b˜1,3b˜2,4
λ2
(eλ2t/m − 1)(γ1T1a22 + γ2T2b22)
+
2m c˜1,3c˜2,4
λ3
(eλ3t/m − 1)(γ1T1a23 + γ2T2b23)
+
2m f˜1,3f˜2,4
λ4
(eλ4t/m − 1)(γ1T1a24 + γ2T2b24)
+
4m (a˜1,3b˜2,4 + b˜1,3a˜2,4)
λ1 + λ2
(e(λ1+λ2)t/2m − 1)(γ1T1a1a2 + γ2T2b1b2)
+
4m (a˜1,3c˜2,4 + c˜1,3a˜2,4)
λ1 + λ3
(e(λ1+λ3)t/2m − 1)(γ1T1a1a3 + γ2T2b1b3)
+
4m (a˜1,3f˜2,4 + f˜1,3a˜2,4)
λ1 + λ4
(e(λ1+λ4)t/2m − 1)(γ1T1a1a4 + γ2T2b1b4)
+
4m (b˜1,3c˜2,4 + c˜1,3b˜2,4)
λ2 + λ3
(e(λ2+λ3)t/2m − 1)(γ1T1a2a3 + γ2T2b2b3)
+
4m (b˜1,3f˜2,4 + f˜1,3b˜2,4)
λ2 + λ4
(e(λ2+λ4)t/2m − 1)(γ1T1a2a4 + γ2T2b2b4)
+
4m (c˜1,3f˜2,4 + f˜1,3c˜2,4)
λ3 + λ4
(e(λ3+λ4)t/2m − 1)(γ1T1a3a4 + γ2T2b3b4),
Λ11, Λ12 =
2ma˜1a˜3,4
λ1
(eλ1t/m − 1)(γ1T1a21 + γ2T2b21)
+
2m b˜1b˜3,4
λ2
(eλ2t/m − 1)(γ1T1a22 + γ2T2b22)
+
2m c˜1c˜3,4
λ3
(eλ3t/m − 1)(γ1T1a23 + γ2T2b23)
+
2m f˜1f˜3,4
λ4
(eλ4t/m − 1)(γ1T1a24 + γ2T2b24)
+
4m (a˜1b˜3,4 + b˜1a˜3,4)
λ1 + λ2
(e(λ1+λ2)t/2m − 1)(γ1T1a1a2 + γ2T2b1b2)
+
4m (a˜1c˜3,4 + c˜1a˜3,4)
λ1 + λ3
(e(λ1+λ3)t/2m − 1)(γ1T1a1a3 + γ2T2b1b3)
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+
4m (a˜1f˜3,4 + f˜1a˜3,4)
λ1 + λ4
(e(λ1+λ4)t/2m − 1)(γ1T1a1a4 + γ2T2b1b4)
+
4m (b˜1c˜3,4 + c˜1b˜3,4)
λ2 + λ3
(e(λ2+λ3)t/2m − 1)(γ1T1a2a3 + γ2T2b2b3)
+
4m (b˜1f˜3,4 + f˜1b˜3,4)
λ2 + λ4
(e(λ2+λ4)t/2m − 1)(γ1T1a2a4 + γ2T2b2b4)
+
4m (c˜1f˜3,4 + f˜1c˜3,4)
λ3 + λ4
(e(λ3+λ4)t/2m − 1)(γ1T1a3a4 + γ2T2b3b4),
Λ21, Λ22 =
2ma˜2a˜3,4
λ1
(eλ1t/m − 1)(γ1T1a21 + γ2T2b21)
+
2m b˜2b˜3,4
λ2
(eλ2t/m − 1)(γ1T1a22 + γ2T2b22)
+
2m c˜2c˜3,4
λ3
(eλ3t/m − 1)(γ1T1x23 + γ2T2b23)
+
2m f˜2f˜3,4
λ4
(eλ4t/m − 1)(γ1T1x24 + γ2T2b24)
+
4m (a˜2b˜3,4 + b˜2a˜3,4)
λ1 + λ2
(e(λ1+λ2)t/2m − 1)(γ1T1a1a2 + γ2T2b1b2)
+
4m (a˜2c˜3,4 + c˜2a˜3,4)
λ1 + λ3
(e(λ1+λ3)t/2m − 1)(γ1T1a1a3 + γ2T2b1b3)
+
4m (a˜2f˜3,4 + f˜2a˜3,4)
λ1 + λ4
(e(λ1+λ4)t/2m − 1)(γ1T1a1a4 + γ2T2b1b4)
+
4m (b˜2c˜3,4 + c˜2b˜3,4)
λ2 + λ3
(e(λ2+λ3)t/2m − 1)(γ1T1a2a3 + γ2T2b2b3)
+
4m (b˜2f˜3,4 + f˜2b˜3,4)
λ2 + λ4
(e(λ2+λ4)t/2m − 1)(γ1T1a2a4 + γ2T2b2b4)
+
4m (c˜2f˜3,4 + f˜2c˜3,4)
λ3 + λ4
(e(λ3+λ4)t/2m − 1)(γ1T1a3a4 + γ2T2b3b4).
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The Fourier transform of the initial state (~ = 1) is written as
P˜ (q0, z0; 0) = exp
[−+z120 − +z220 + 2−z10z20 − ˜+q220 − ˜+q120 − 2˜−q10q20] ,
(A.5)
so the final solution yields
P˜ (q, z, t) = exp
(−A1q21 −A2q22 − B1z21 − B2z22 − Eq1q2 −Dz1z2)
× exp (−C11z1q1 − C22z2q2 − C12z1q2 − C21z2q1) (A.6)
where
A1,2 =(+ + 4kχz1)ζq−1,22 + (+ + 4kχz2)ξq−1,22 + (˜+ + 4kχq1)τ q−1,22
+ (˜+ + 4kχ
q
2)ϑ
q−
1,2
2 − (2− − 4kθz)ζq−1,2ξq−1,2 + (2˜− + 4kθq)τ q−1,2ϑq−1,2
+ 4k
(
Λ11ζ
q−
1,2τ
q−
1,2 + Λ12ζ
q−
1,2ϑ
q−
1,2 + Λ21ξ
q−
1,2τ
q−
1,2 + Λ22ξ
q−
1,2ϑ
q−
1,2
)
,
B1,2 =(+ + 4kχz1)ζz−1,22 + (+ + 4kχz2)ξz−1,22 + (˜+ + 4kχq1)τ z−1,22
+ (˜+ + 4kχ
q
2)ϑ
z−
1,2
2 − (2− − 4kθz)ζz−1,2ξz−1,2 + (2˜− + 4kθq)τ z−1,2ϑz−1,2
+ 4k
(
Λ11ζ
z−
1,2τ
z−
1,2 + Λ12ζ
z−
1,2ϑ
z−
1,2 + Λ21ξ
z−
1,2τ
z−
1,2 + Λ22ξ
z−
1,2ϑ
z−
1,2
)
,
D, E =2(+ + 4kχz1)ζz,q−1 ζz,q−2 + 2(+ + 4kχz2)ξz,q−1 ξz,q−2 + 2(˜+ + 4kχq1)τ z,q−1 τ z,q−2
+ 2(˜+ + 4kχ
q
2)ϑ
z,q−
1 ϑ
z,q−
2 − (2− − 4kθz)(ζz,q−1 ξz,q−2 + ζz,q−2 ξz,q−1 )
+ (2˜− + 4kθq)(τ
z,q−
1 ϑ
z,q−
2 + τ
z,q−
2 ϑ
z,q−
1 ) + 4kΛ11(ζ
z,q−
1 τ
z,q−
2 + ζ
z,q−
2 τ
z,q−
1 )
+ 4k(Λ12(ζ
z,q−
1 ϑ
z,q−
2 + ζ
z,q−
2 ϑ
z,q−
1 ) + Λ21(ξ
z,q−
1 τ
z,q−
2 + ξ
z,q−
2 τ
z,q−
1 ))
+ 4k(Λ22(ξ
z,q−
1 ϑ
z,q−
2 + ξ
z,q−
2 ϑ
z,q−
1 )),
C11,12 =2(+ + 4kχz1)ζz−1 ζq−1,2 + 2(+ + 4kχz2)ξz−1 ξq−1,2 + 2(˜+ + 4kχq1)τ z−1 τ q−1,2
+ 2(˜+ + 4kχ
q
2)ϑ
z−
1 ϑ
q−
1,2 − (2− − 4kθz)(ζz−1 ξq−1,2 + ζq−1,2ξz−1 )
+ (2˜− + 4kθq)(τ
z−
1 ϑ
q−
1,2 + τ
q−
1,2ϑ
z−
1 ) + 4kΛ11(ζ
z−
1 τ
q−
1,2 + ζ
q−
1,2τ
z−
1 )
+ 4k(Λ12(ζ
z−
1 ϑ
q−
1,2 + ζ
q−
1,2ϑ
z−
1 ) + Λ21(ξ
z−
1 τ
q−
1,2 + ξ
q−
1,2τ
z−
1 ) + Λ22(ξ
z−
1 ϑ
q−
1,2 + ξ
q−
1,2ϑ
z−
1 )),
C21,22 =2(+ + 4kχz1)ζz−2 ζq−1,2 + 2(+ + 4kχz2)ξz−2 ξq−1,2 + 2(˜+ + 4kχq1)τ z−2 τ q−1,2
+ 2(˜+ + 4kχ
q
2)ϑ
z−
2 ϑ
q−
1,2 − (2− − 4kθz)(ζz−2 ξq−1,2 + ζq−1,2ξz−2 )
22
+ (2˜− + 4kθq)(τ
z−
2 ϑ
q−
1,2 + τ
q−
1,2ϑ
z−
2 ) + 4kΛ11(ζ
z−
2 τ
q−
1,2 + ζ
q−
1,2τ
z−
2 )
+ 4k(Λ12(ζ
z−
2 ϑ
q−
1,2 + ζ
q−
1,2ϑ
z−
2 ) + Λ21(ξ
z−
2 τ
q−
1,2 + ξ
q−
1,2τ
z−
2 ) + Λ22(ξ
z−
2 ϑ
q−
1,2 + ξ
q−
1,2ϑ
z−
2 )),
where ± = 12s2 ± 18d2 , ˜± = ±4(2+−2−) , ζ
z,q−
i = ζ
z,q
i (−t) and similarly for ξz,q−i ,
τ
z,q−
i , ϑ
z,q−
i .
Appendix B. Steady state
Taking into account that the steady state of the system is given by the
Gaussian state, it is easy to present non-equilibrium steady state in terms of
second moments, We note that 〈[x1, p1]+〉 = 〈[x2, p2]+〉 = 〈p1p2〉 = 0. In the
high-temperature limit non-zero second moments have the following form,
〈x21〉 =
γ1kT1(γ
2
2m
2ω40 − γ22κ2 + γ1γ2m2ω40 + κ2m2ω20) + γ2kT2κ2(m2ω20 + γ1γ2)
(m2ω40 − κ2)(γ1 + γ2)(γ1γ2ω20 + κ2)
,
〈x22〉 =
γ1kT1κ
2(m2ω20 + γ1γ2) + γ2kT2(γ
2
1m
2ω40 − γ21κ2 + γ1γ2m2ω40 + κ2m2ω20)
(m2ω40 − κ2)(γ1 + γ2)(γ1γ2ω20 + κ2)
,
〈p21〉 =m
γ1kT1(γ
2
2ω
2
0 + γ1γ2ω
2
0 + κ
2) + γ2kT2κ
2
(γ1 + γ2)(γ1γ2ω20 + κ
2)
,
〈x1x2〉 = γ1kT1κ+ γ2kT2κ
(γ1 + γ2)(m2ω40 − κ2)
,
〈p22〉 =m
γ1kT1κ
2 + γ2kT2(γ
2
1ω
2
0 + γ1γ2ω
2
0 + κ
2)
(γ1 + γ2)(γ1γ2ω20 + κ
2)
,
〈x1p2〉 = −〈x2p1〉 = γ1kT2γ2κ− γ2kT2γ1κ
(γ1 + γ2)(γ1γ2ω20 + κ
2)
. (B.1)
The non-equilibrium steady-state sec on moments for the weak coupling
limit can be obtained from high-temperature ones by the formal replacement
kTi → ω2 coth ~ω2kTi .
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